We already know that the coordinate invariant way to define length is the proper length given by the line element ds 2 . For time-like curves, we just use the proper time dτ instead.
Spacetime volumes:
You will at times (say in spacetime actions) want to integrate over an entire spacetime, which must be done in a coordinate invariant way. The spacetime coordinate integration changes by the Jacobian determinant
This clearly isn't invariant. However, the determinant transforms as
(We need the sign because spacetime metrics have negative determinant.)
Surfaces & volumes:
Let's consider a surface defined in spacetime (a hypersurface).
• A dimension n surface has codimension D − n.
• There are D − n equations of the form f a (x µ ) = 0 constraining the shape of the surface, one per codimension.
• A curve is just a surface with n = 1 in this language.
We can define n coordinates ξ α along the surface. Then the surface is embedded in the spacetime using the coordinate functions X µ (ξ α ) (we'll capitalize X when used to describe a surface just to avoid confusion).
• The n vectors ∂ α X µ are tangent to the surface in spacetime. (Note the derivative is wrt ξ α .)
• Differentiating the constraints give D −n covectors ∂ µ f a which are normal to all the tangents (and therefore to the surface).
• A spacelike surface has a timelike normal, a timelike surface has only spacelike normals, and a null surface has a null tangent (which is also a normal). A physically moving object sweeps out a timelike surface (or a null one if it's massless).
To find the distance along the surface between two points on the surface, we need the induced metric, which we can denote g αβ (or sometimes h αβ , not to be confused with a metric perturbation).
• Write the line element in terms of the ξ α :
• g αβ is a tensor under coordinate changes of ξ α .
• Then the integral
is invariant under coordinate transformations whenever I is a scalar. In particular, the spacetime volume/area of the surface is given by I = 1.
The absolute values take care of any signs from timelike tangent directions.
Let's conclude with an example in 4D spacetime, the Lorentz hyperboloid.
• Take spherical coordinates in Minkowski spacetime, and let f (x µ ) = −t 2 + r 2 + a 2 .
• This is solved by taking coordinates ξ α = [χ, θ, φ] and t = a cosh χ, r = a sinh χ.
• The tangents are ∂ χ X µ = [a sinh χ, a cosh χ, 0, 0], ∂ θ X µ = [0, 0, 1, 0], and ∂ φ X µ = [0, 0, 0, 1].
• The normal is ∂ µ f = [−2t, 2r, 0, 0] = [−2a cosh χ, 2a sinh χ, 0, 0].
• The induced metric takes the form ds 2 = a 2 dχ 2 + a 2 sinh 2 χ dθ 2 + sin 2 θdφ 2 .
